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David from IES MAXIMO LAGUNA in Spain tried out every single 2-digit number to check that you always get a multiple of 9

Proof by exhaustion!



Mathematics – Key Stage 3 

Aims
reason mathematically by following a line of enquiry, conjecturing relationships 
and generalisations, and developing an argument, justification or proof using 
mathematical language 

Spoken language 
The national curriculum for mathematics reflects the importance of spoken 
language in pupils’ development across the whole curriculum – cognitively, 
socially and linguistically. The quality and variety of language that pupils hear 
and speak are key factors in developing their mathematical vocabulary and 
presenting a mathematical justification, argument or proof. 

They must be assisted in making their thinking clear to themselves as well as 
others and teachers should ensure that pupils build secure foundations by using 
discussion to probe and remedy their misconceptions. 



Mathematics – Key Stage 3 

Reason mathematically 
make and test conjectures about patterns and relationships; look for proofs or 
counter-examples

Geometry and measures 
apply angle facts, triangle congruence, similarity and properties of quadrilaterals 
to derive results about angles and sides, including Pythagoras’ Theorem, and 
use known results to obtain simple proofs 



“But if he failed to get acquainted with 
geometric proofs, he missed the best and 
simplest examples of true evidence and he 
missed the best opportunity to acquire the idea 
of strict reasoning. Without this idea, he lacks a 
true standard with which to compare alleged 
evidence of all sorts aimed at him in modern 
life.”

George Polya (1945). “How To Solve It”, Princeton University Press

Why proof?



Mathematics – Key Stage 4 

Algebra 
6. know the difference between an equation and an identity; argue 
mathematically to show algebraic expressions are equivalent, and use algebra to 
support and construct arguments and proofs



Mathematics – Key Stage 4 

Geometry and measures 
Properties and constructions
6. apply angle facts, triangle congruence, similarity and properties of 
quadrilaterals to conjecture and derive results about angles and sides, including 
Pythagoras’ Theorem and the fact that the base angles of an isosceles triangle 
are equal, and use known results to obtain simple proofs

Vectors 
25. apply addition and subtraction of vectors, multiplication of vectors by a scalar, 
and diagrammatic and column representations of vectors; use vectors to 
construct geometric arguments and proofs 









Reasoning:  the  Journey  from  Novice  to  Expert  (Article)
By  The  NRICH  Primary  Team

Step one:  Describing:  simply  tells  what  they  did. 

Step  two:  Explaining:  offers  some  reasons  for  what  they  did. This  is  
the  beginning  of inductive  reasoning. 

Step  three:  Convincing:  confident  that  their  chain  of  reasoning  is  
right  and  may  use  words such  as,  ‘I  reckon’  or  ‘without  doubt’. 

Step  four:  Justifying:  a  correct  logical  argument  that  has  a  complete  
chain  of  reasoning  to it  and  uses  words  such  as  ‘because’,  ‘therefore’,  
‘and  so’,  ‘that  leads  to’  ... 

Step  five:  Proving:  a  watertight  argument  that  is  mathematically  
sound,  often  based  on generalisations  and  underlying  structure. 



Proof

Focus on vocabulary and notation and careful use of language 

Write expressions from algebraic statements

Systematic listing strategies

Use multiple representations 

Make deductions from a given set of statements

Evaluate statements – always/sometimes/never true? 

Diagrams – proof without words

Spot the mistake

Proof sorters



“Most remarks made by children consist of 
correct ideas very badly expressed. A good 
teacher will be very wary of saying 'No, that's 
wrong.' Rather, he will try to discover the correct 
idea behind the inadequate expression. This is 
one of the most important principles in the 
whole of the art of teaching.”

W. W. Sawyer (2012). “Vision in Elementary Mathematics”, Courier Corporation

mistakes       misconceptions  



Mathsbot – Jonathan Hall





Chris McGrane – Starting Points Maths 
Curriculum Booklets – Algebra 1

Smile activity





Jo Morgan





1 Set out cases
2 Work back familiar; work back unfamiliar
3 Find an example to fit
4 Find key relationships
5 Find mathematical features

The five strategies of the resource

AQA 90 maths problem solving questions

















to play around to play around 













How 
many 
steps?



0000

3333

4141

13141817

195236

4 steps



diffy patterns

rules

proofs

Herbert Willis published this task 

which he called ‘diffy’ in 1971

the sequences (not just with four 

starting numbers) were studied by 

Enrico Ducci (1864 – 1940) 

an Italian mathematician



what happens for constant ‘gap’ diffys?

e.g. 7       10       13       16

choose your own start number e.g. 7

choose the ‘gap’ number e.g. 3

do at least two of these



3      7     11    15

4      4      4     12

0      0      8      8

0      8      0      8

8      8      8      8

0      0      0      0

start at 3

gap of 4

– 1    5     11    17

6      6      6     18

0      0     12    12

0     12     0     12

12    12    12    12

0      0      0      0

start at – 1 

gap of 6

what patterns are common to both/all of these?



it always seems to take five steps; why?

a proof… that it will always take five steps

n n + b n + 2b n + 3b

b b b 3b

0 0 2b 2b

0 2b 0 2b

2b 2b 2b 2b

0 0 0 0



Unequal
If x<3, then x2<9.

Specialise with a view to checking the 
validity of this statement.

From Learning and Doing mathematics – John Mason







Dear Detectives

Please help. We set an exam 
last week and have had or 
results stolen before we could 
see them.

We need you to use your 
maths skills to solve the clues 
that the thieves left behind.

Can you help?







N – FALSE
The calculation given in the question does not account 
for the fact that there are more girls in the class than 
boys.



68.25mean



O – TRUE
The variables x and y are negatively correlated thus as x increases, 
y decreases and they are inversely proportional to each other







24 statements detail a 
fictitious world and a 
mathematical problem.

Students need to 
correctly identify and 
solve the problem.



Andy Lutwyche – Clumsy Clive series





DQaDay

Craig Barton

“For each question, there are 
three “levels” of challenge:
1.Can your students get the 
question correct?
2.Can they understand the mistake 
each of the students on the image 
has made?
3.And then the big one… how would 
they help each of these students 
understand why they are not right?

It is this final challenge that has 
the potential to really get your 
students thinking. Can they help 
by using different explanations, 
representations, diagrams, 
analogies, examples, and so on?”





AQA 
90 maths problem solving questions

















Nrich – Pythagoras Proofs -



List all the prime 
numbers between 20

and 40

Simplify
5𝑥 + 4 − 7 − 𝑥

Expand 5(2𝑎 − 3) Factorise 6𝑛 − 14

Expand and simplify
3 𝑦 − 2 − 2(𝑦 − 1)

Write three 
consecutive numbers 

using algebra

Write an odd number 
using algebra

Fran says that if you 
square an odd number 

then add 4 you always get 
a prime number. Give an 

example to show that Fran 
is incorrect.

Show that, for a 
positive integer value of 
𝑛, 5 𝑛 − 2 − 2(𝑛 + 1)

will always be a 
multiple of 3

Show that, for positive 
integer values of 𝑦, 

3 2𝑦 − 3 + 5(2𝑦 + 1)
is an even number

Prove that the sum of 
three consecutive 

positive integers is a 
multiple of 3

Prove that
2𝑛 + 3 2 − 2𝑛 − 3 2

is always a multiple of 4
when 𝑛 is an integer

Prove that the 
difference between the 

squares of two 
consecutive integers is 

equal to their sum

Prove algebraically that 
the sum of the squares 

of two consecutive 
positive odd integers is 

always even.

Building 

Blocks

For 

Proof
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3 𝑦 − 2 − 2(𝑦 − 1)

Write three 
consecutive numbers 

using algebra

Write an odd number 
using algebra

Fran says that if you 
square an odd number 

then add 4 you always get 
a prime number. Give an 

example to show that Fran 
is incorrect.

Show that, for a 
positive integer value of 
𝑛, 5 𝑛 − 2 − 2(𝑛 + 1)

will always be a 
multiple of 3

Show that, for positive 
integer values of 𝑦, 

3 2𝑦 − 3 + 5(2𝑦 + 1)
is an even number

Prove that the sum of 
three consecutive 

positive integers is a 
multiple of 3

Prove that
2𝑛 + 3 2 − 2𝑛 − 3 2

is always a multiple of 4
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𝟐𝟑, 𝟐𝟗, 𝟑𝟏, 𝟑𝟕 𝟏𝟎𝒂 − 𝟏𝟓𝟒𝒙 − 𝟑 𝟐(𝟑𝒏 − 𝟕)

𝒚 − 𝟒 𝟐𝒏 + 𝟏
𝒏, 𝒏 + 𝟏,
𝒏 + 𝟐

𝟒𝒏𝟐 + 𝟏𝟐𝒏 + 𝟗 −

𝟒𝒏𝟐 − 𝟏𝟐𝒏 + 𝟗

simplifies to
𝟐𝟒𝒏 = 𝟒(𝟔𝒏)

𝟐𝒏 + 𝟏 𝟐 + 𝟐𝒏 + 𝟑 𝟐

𝟒𝒏𝟐 + 𝟒𝒏 + 𝟏 + 𝟒𝒏𝟐

+𝟏𝟐𝒏 + 𝟗
Simplify:

𝟐(𝟒𝒏𝟐 + 𝟖𝒏 + 𝟓)

Sum:
𝒏 + 𝒏 + 𝟏 = 𝟐𝒏 + 𝟏
Difference of squares:

𝒏 + 𝟏 𝟐 − 𝒏𝟐

𝒏𝟐 + 𝟐𝒏 + 𝟏 − 𝒏𝟐

𝟐𝒏 + 𝟏

𝟗𝟐 + 𝟒 = 𝟖𝟓
Simplifies to 
𝟐(𝟖𝒚 + 𝟐)

Simplifies to 
𝟑(𝒏 − 𝟒)

𝒏 + 𝒏 + 𝟏 + 𝒏 +
𝟐 simplifies to 
𝟑(𝒏 + 𝟏)



Guide students as they begin to practice









One-sum
Given any two numbers that sum to one, 
square the larger and add the smaller; now 
square the smaller and add the larger.

Which answer is going to be the larger?
Make a guess, then try it.

Is it always like that? 

From Learning and Doing mathematics – John Mason



One-sum
Given any two numbers that sum to one, square 
the larger and add the smaller; now square the 
smaller and add the larger.

Which answer is going to be the larger?
Make a guess, then try it.

Is it always like that? 

From Learning and Doing mathematics – John Mason

Two numbers n and 1−n

If n > 
1

2
then n > 1-n

n2+1-n
(1-n) 2+n
1-2n+n2+n = 1-n+n2

If n≤ 
1

2
then n≤1-n







Corbett Maths
Level 2 Further Maths









The Proving Ground - an 
introduction to 
mathematical proof e-
book.

A downloadable 
collection of 40 
mathematical 
challenges. Each 
problem will be 
understandable to 
anyone who knows at 
least some GCSE 
mathematics. Written 
by Jonny Griffiths. KS4 & 
KS5.







WJEC AS/A Level in Mathematics





WJEC AS/A Level in Further Mathematics















Proof by Contradiction

Assume the statement is 
false. 

Proceed with a direct proof 
of the statement in 1.

Come across a contradiction.

State that because of the 
contradiction, the statement 
from 1 is false. 





For all x, A(x) negates to
There exists x such that not A(x)



Negation of Statements

Statement Negation

if A, then B A and not B

A or B not A and not B

A and B not A or not B

For all x, A(x) There exists x such that not A(x)

There exists x such that A(x) For every x, not A(x)

Example

Prove that if p
2

is even then p is even p2 is even and p is odd.



Prove that if p2 is even then p is even

Assume the statement is false. p2 is even and p is odd.

Proceed with a direct proof of the 
statement in 1.

If p is odd then it is of the form 2n+1 
where n is a whole number. 
p2 is (2n+1)2 = 4n2+4n+1 
= 2(2n2+2n)+1 which is clearly odd

Come across a contradiction. This is a contradiction.

State that because of the 
contradiction, the statement from 1 
is false. 

Our assumption is therefore 
incorrect, so if p2 is even then p is 
even

















WJEC







colleenyoung.org
Twitter: @ColleenYoung


